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|9’ (A m, 2) 4 [ Ble B | < | B [exp (nefBzdt) - 1]

Using inequalities (20) and (21), we obtain from the definition of 1, (A, 7, 2)
920 n 0+ 181 (1 = 9| <18 {exp [n (4, + By ar] +
0
exp[n § (4, + By ar] — 2|
]

It is seen from the latter formula that 1, (A, %,0)#% 0 follows from inequality (19).
The first inequality of (21) is satisfied not only in the circle O but also in the interval
J. Consequently y;’ (A, 1, 0)5%0, follows from the inequality (19), i.e., (11) is not satisfied,
meaning, there are no eigenvalues in this interval. The theorem is proved.
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AXISYMMETRIC FLEXURAL OSCILLATIONS OF A THIN DISC

V.A. POPOV

Using methods of the theory of singular perturbations /1-3/, we construct
the asymptotic forms of the eigenfrequencies of flexural low-frequency
oscillations of a thin disc. Application of the method of homogeneous
solutions /4/ or the superposition method /5/ reduces the problem under
consideration to an infinite system of linear algebraic equations. Unlike
these approaches, the theory of singular perturbations enables us to

obtain explicit formulae for corrections to the oscillation eigenfrequencies
obtained from the classical theory of plates.

1. Formulation of the problem. we consider the problem of the axially-symmetric
flexural oscillations of a thin disc of radius a and thickness 2k (e = h/a<<1) in a system of
cylindrical coordinates (r, ¢, z). The planes z = +hk and the side surface r=a are free from
stresses.

In dimensionless coordinates p = r/a, £ = z/h the problem may be written in the form

(1 — 2v)0.%u, + edpdpu, + 0
-2 (4 — )63, (0710, (pu,) + pu, = 0

2 (1 — v)0g%u, + ep™3, (pdyu,) +
(1 — 2v)e?Au, + pu, =

G (Ogu, + otz Jympn = 0 (1.2)
a2 (1 — v)dgu, + 2vp719, (pu,)gmyy = O
212 (1 — v)3ou, + 2v (B, + p 4 lpmy = 0 (1.3)

G (Ogu, + Bps)pmy = 0
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d = G/(1 —2v), p=phtet/d, A =32+ p19,
where u, (p, &, &), u,(p, & &) are the coordinates of the displacement vector, G is the shear
modulus, v 1is Poisson's ratio, p, is the density, and ® 1is the oscillation frequency. We
also introduce the dimensionless coordinate 71 = (p — 1)/e,

We will seek an asymptotic solution of (1.1)-(1.3) in the form of the sum of a reqular
solution v (p, § &) and a boundary-layer type solution w (T, E, e)

u="rh(v(p§e +w(ke) {1.4)
N
v (pw En 8) = 21 EnV(")(P, E) (15)
N—m
w(t, Ee)==e™ > &"wi (1, §)
Nes n==)

Each of the functions v and w is, by construction, an asymptotic solution up to O (e¥+1)
of (1.1) and (1.2), w tends exponentially to zero as 7— —>, and (1.4) satisfies (1.3) up to
0 (SN“).

2. Construction of the internal solution. substituting the asymptotic expansion
(L.5) for v and p into (1.1), (1.2) and grouping together terms with” the same powers of ¢
we obtain the following boundary-value problem for the functions v(rk) and vg"’ 0 <Lk N):

(1 — 2v) 320 -+ 3,005 - P (p, 2) =0 @2.1)
(@ + 0l gy =0
2(1 — ) 020 4 718, (00 V) + PE (p, £) =0 2.2)

[2(1 — v) 0 + 2vp718, (0 V))s—g, =0
k—4
PR (00 8) = 2(1 — %) 05 (9720, (™) + 3 pr

k—4
PE (o 5= (1 —20) 8l - 3 a0

Here and in the future, all quantities with negative indeces are taken to be equal to
zero. Moreover, the expression joined by the summation sign with summation from n =i to
n=j with j<{i is also equal to zero.

We are considering flexural oscillations of a disc, and so

3 %) k *
v o — B =—u" . &), i’ (o, — &) =0 (p. §)

In this case, the solution to (2.1) may be written in the form

o0, == [ — §(apv§““’ (o )+ & — ) P (p, m)dn + (2:3)

0

1
280, 1) + & § PV (o my dn]

0
Given that the solubility condition

1

3o (@ (o, 1) + | PI? (0, par =0 e4

[}

1—2v
0

is satisfied, the solution of (2.2) is described by the formula

14
o (0, ) = e 0) — gy § -0 (008" (0 ) + (2.5)
[

& — ) P2 (o, m) ] dn

where fy (p) is an arbitrary function that does not depend on .
From (2.3), (2.5) we determine by integration

o (0, 8) = Efi (0) + (1 — V) (Hy (2 — VB — B)BpAfxat VD (o, B) (2.6)
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v® (p, ) = fu (p) + YavE* (1 — V) A + VI FY (0, B)

The functions V(.n depend on f,{p) when i< n; when n<<0 V&™ =0,
The solubility condition (2.4), taking account of (2.5) and (2.6), reduces to an equation
for fi{p) l=4k—4)

W = M (6) + e @) @.7)
!
c!=za~—-z~((f =3k Mie)= Em-f. (]
n=p

The functions Gy ;{p) depend on [, (p) when =<, when j<<0 G,;=0.
Continuing the calculations, we find

VI 0, )=y - 3 — VB =W B+ @8
50(3 — 2v) B — 60 (7 — 2v) &] My -+
T g (1 — %) (6 — V) BT — Y5 (Tv® — 10v2 — 26v + 24) B8 +
(43— 30v — BV B2 - 4 (29 + 15v — 27)E1 9pA M} +
Ve (o, )
VR o, =g E; = {[2 (4 ) — (= VI Mo+
.a.mi____ﬁm — V@ VB 2TV 3vE—2v — BB 4
6(1+ 49 AMs} + VE (0, D)

G, 1-3(p) = c,AM 12 (p) + calbo®fi-g + G, 15 (p)
P Tv— 17 _ 33v* - 424v—422
P =0 —dv)' 8T T I00(I— v

The force vector F (§, ) on the side surface, corresponding to the displacement v{p, §, &) is
found from the formulae

FE g)=d § e*F() (F) 2.9
k=0

PO @ =120 =) 98 + 20 0 + 0708 o,
FO €)= (1 — 20) (3 + 908 )pmn

Substituting (2.6)-{(2.8) we obtain the formulae

OO =—2Tf b v+ (2500 — 1) 0], + (2.10)
(B — 2= t) M0+
T (1= 0 — VP B+ 2(7 -+ By — 23 g —
8(1+ 42— VU AMrs+ (1 = [BE —v)3— V)P —
50(3 — 29)8° + 60(7 — 2) }} My-ddpme + F 70 ®)
FO @ =13~ Lotfs+ (80— T=5) Mea—
S B = W+ 26V + v — 12) 81+

4(27 — 15v — 2v¥)] 8,AM,‘_7}M + o

The functions FO-® depend on fi{p) for [ n. We can satisfy the boundary conditions
(1.3) up to O (%), requiring that the following conditions for f,(p) should be satisfied
with pn=0 and n=1

(" + 1" Yom1 == 8 (Afn) lpm1 =0 (2.11)

Consequently, in expansion (1.4) for w we can set m= 4,
The general solution of (2.7) and (2.11) for fo(p) takes the form

fo (0) = o (7 (pp) — 7 (PP}, P = (cspal™ (2.12)
J (po) = Jo (pp)/J, (), I (pp) = Io (PRV 11 (P)
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where w, is an arbitrary function, J, and J, are Bessel functions, I, and I, are modified
Bessel functions, and the number p is one of the positive roots of the equation

pU@+IE)=20~-v) (2.13)
To make the following calculations more convenient, we will define the constant a, from
the normalization condition

1
S pfot(p)dp=1

whence we find
a=V2[1*(p)+ I*(p) — 2p (I (p) + T (p))]*

Problem (2.7), (2.11) for f;(p) is soluble when the condition p, =0 1is satisfied.
Here the problems for f, and f;, are identical, and we can set f;, =0.

To find the functions f, (p), and the numbers W, with »>1 it is necessary to consider
the boundary-layer solution w.

3. Construction of the boundary-layer solution. we denote by o (r, &, &) the stress
tensor corresponding to the displacements W. Using the asymptotic expansion (1.5) of the
vector furction w, we obtain the following formulae for the components of the asymptotic form

of the tensor o
N-4
o (x, &, &) = ed D) £"0™ (1, E) (3.1)
Ty==(

o® (5, B) = o' + 20Ty, off (3, 8) = o' + 29Tk
o (v, 8) = 2 (1 — v + 2vou”

V@, H=21~— v)agwﬁ"’ + o™

o (z, B) = (1 — 2v)(0e® + ™)

o (r, &) = 2v (9 + 9™) + 2(1 — ¥) T

qu‘)) — 09‘;) = 0
k
Ty (v, B) = 3 wi (1, E)(— )"
n=xg

The equations for the components of the tensor o in the semi~infinite strip D = {t<
0, |E| <1} are reduced to the form

00 1 ol = QY 3.2)
d (k) gk. 0)= gk—l)
1frz + 6&“ 2 Q . )
P (Y =—20:T — 3 (— )" (or —o45) — S*7
k

0P (1, B) = — 2vTx — X (— 1ol — S*D

Tim)

k
St (v, &)= 2 p’nw(k—n)
=m0

on the sides §=-41 and 1=0 we are given the following boundary conditions:

o (v, 41) = 0, oV (x, 1) = —2vTny (v, +1) @.3)
o™ (0, &) = —2vTi4 (0, &) — F™ (B) 3.4
oY (0, ) = —F"9 (8)

Problems (3.2)-(3.4) are boundary-value problems of two-dimensional elasticity theory on
the bending of a semi-infinite strip D. The conditions for the existence of exponentially
decaying solutions of these problems were studied in /6-9/. These conditions may be written

in the form °

FEIEp=—2v § Tea(ndrfa, — (3:5)
ffov @ garas
FED @ ey = {§ (108 — 1) drdt — (3.:6)

29 Ty (0.8 + 2v § Tra(m ) vdriian
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Here and henceforth. angular brackets signify integration with respect to ¢ from E=—1
to £ =1, and the double integrals are evaluated over the region D.

We multiply the second equation of (3.2) by 7t and integrate over D. After integration
by parts taking account of (3.3) we obtain

0
fe+ ot Prarde=—2v § T Hdrfa
Substituting the expression for QQH) into this formula, we arrive at the relationship
3
3§ (—oprot avag = {§ s¢-eanar
n=H0

Then (3.5) is transformed into

CFEO @)y = [ (580 4 vl ) drat

Hence, for k<4 we obtain a boundary condition for filp) (! = k 4+ 1 < 4) of the form

34— 9v ’
(BoAfido=1 = — g7y Mr-2 (1) 3.7)
Condition (3.6) may be written in the form
k—1
@ ey =—3 {{(— o1 — (3:8)
n=g

g0 + tofR) drdg + (f@s™® — sy duat

For k= 0, the right-hand sdie of (3.8) is equal to zero. From (3.1)-(3.4) we obtain
the equations
ofo=v (ol + o)+ 2(1+ v (1 —29) Tuy (n>0)
(§vo@ara= [{ 2P ardt=0 (>0
2((o@drat 4+ F P &) =0

(the proof is carried out by integrating (3.2) by parts with appropriate multipliers). It
follows from these formulae that with k = 1" conditions (3.8) reduce to the form

GEFEH () — 1Y WBIFED (8)y = 0 (3.9)
Conditions (3.8) with k=2 also reduce to the form (3.9) using analogous, but more
complicated, calculations, From (3.9) and (2.10) we obtain the second boundary condition for
the functions f;(p) with =k 4+ 2<4

(i + ¥dom = gy {4+ v) (4 — 2v) 0,1y — (3.10)
1
(26 4+ v) My — SISO ag
779 — 60v — 1943 ’
———2; - Hofl—a}pz.l

4. Calculation of the asymptotic forms of the eigenvalues. we consider the
bpundary-value problem (2.7), (3.7), (3.10) for the functions f;(p) with [I>1. The solutions
fi (p) are determined apart from the term ¢f, (the solution of the homogeneous problem) and
so it is convenient to determine the constant «, from the supplementary orthogonality con-
dition

1
§ 070 (0) 11(0) dp =0 (4.1
o

we multiply (2.7) by pf,(p) and integrate with respect to p from O to 1. After inte-
gration by parts, taking account of (4,1) we arrive at a formula that determines the quantity
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Cilhy &= — Spfo (p) Gl, -2 (P) dp + [3p (Afl) fo— (fl"+ vjl’) fo'lp=-1 (4.2)

with !<{3, in particular, we obtain

Cilty = popesre® [p + 7 (4 — v (I (p) — J (p)/(Tv — 17)], Bs=10 4.3)
The solutions of the boundary-value problems for f,(p) and f; (p) have the form

fa (p) = aaJ (pp) + byl (pp) + k_pJy (o), (p) +
k.ply (pp)/ I, (p) + asfy (p), 15 (p) = 0
Fy = ag (c1hig = capop?)/(4p%)
ag ="k 2ip+ T (p)+8, by=—k (2p+I(p)+8
S 9v — 34
=20 —2v) & FoMe
From (4.1), we determine

ay = &g l(by — a)(I (p) + J (P))p + aa (1 + J* (p)) +
“ba (1 = P (p)) + (k_+ k) (pI (p) (p) — I(p)~ J (P))/P?)/2

From (4.2) with =4 we find.

Caltg=="1/4 (1 — 29)"1 (21, [(24 + v) fo'fo — (34 — W) fof ' 1 —
20 (1 — v) pofofo’ + v (8 — V) pofy o1 — Calto® —
1

¢2 § pfo (8o -+ Rady) dp

0
Table 1 gives the values of Ky, K3 and M, for the first six oscilation frequencies with
v = Y4 The formulae obtained enable us to find more exact values for the eigenfrequencies the
following are satisfied:
Pelpg/pg | <<1, [etpgdu | <A

whence &<<min (V| po/psl, V| ma/pe] ). For the first oscillation frequency, we apply the method
with &<{'/,, and for the second, we apply it with e <</,

Table 1 Table 2

N ™ M ™ N | N=t 6 8 1101

.275.10% —0.338.108
-494.10% —0,275.108
.257.10¢| —0.328. 108

8 0.1815 | 0.1811 | 0.1811 ; 0.1841
0
820.108' —0.188.107| 0.
0
0

0.7703 { 0.7617 | 0.7819 | 0,7615
1.758 1. 7111 1.714 1.714
3.138 2,991 3,007 2.999
4.914 4.548 4,612 4.587

201.108( —0.721.107 .
7.085 6.310 6.509 6.438

418.108% --0.216.108

R
E
DU W N -

Table 2 gives the values of Q = ol l/pl/G for v =Y e =0.02 for the first six oscillation
eigenfrequencies; in the last column, we give the values of Q according to refined Mindlin
theory /10/.

The values of @ with N = 4 correspond to those found by the classical theory of plates.
Wwith N =6 and N =8 we obtain more exact values of £,

Remarks. 1°. In an analogous way, we can construct the asymptotic solution for the case
of oscillations that are symmetric about the central plane, and also with other boundary con-
ditions on the side surface of the disc.

29, The boundary conditions (3.7), (3.10) for the functions f; {p) may be obtained from the results
of /11/. It should be noted, however, that the method described above enables us to construct
an asymptotic solution in the case of a plate of arbitrary form /3/ and variable thickness,
where the results of /11/ cannot be applied.

The author thanks V.V. Kucherenko for suggesting the problem and for discussing the results.

REFERENCES
1. MASLOV V.P., Perturbation Theory and Asymptotic Methods. Izd. MGU, Moscow, 1965.



659

GOL'DENVEIZER A.L., The construction of an approximate theory of the bending of a plate by
the method of asymptotic integration of the equations of elasticity theory. Prikl. Mat.
Mekh., 26, 4, 1962.

KUCHERENKO V.V. and POPOV V.A., The asymptotic form of the solutions of problems of elas-
ticity theory in thin regions. Dokl. Akad. Nauk SSSR, 274, 1, 1984.

AKSENTYAN O.K. and SELEZNEVA T.N., Determination of the eigenfrequencies of oscillations
of circular plates. Prikl. Mat. Mekh., 40, 1, 1976.

GRINCHENKO V.T. and MELESHKO V.V., Harmonic Oscillations and Waves in Elastic Bodies, Nauk.
Dumka, Kiev, 1981.

GUSEIN-ZADE M.I., On a plane problem of elasticity theory for a semi-strip. Prikl. Mat.
Mekh., 41, 1, 1977.

OLEINIK O.A. and IOSIF'YAN G.A., On the decay conditions and the limit behaviour at
infinity of solutions of a system of equations of elasticity theory. Dokl. Akad. Nauk
SSSR, 258, 3, 198l1.

NAZAROV S.A., Introduction to Asymptotic Methods of Elasticity Theory, Izd., LGU, Leningrad,
1983,

GREGORY R.D. and WAN F.Y.M., Decaying states of plane strain in a semi-infinite strip and
boundary conditions for plate theory. J. Elasticity 14, 1, 1984,

10. DERESIEWICZ H. and MINDLIN R.D., Axially symmetric flexural vibrations of a circular disc.

J. Appl. Mech. 222, 1, 1955.

11. GREGORY R.D. and WAN F.Y.M., On plate theories and Saint-Venant's principle. Intern. J.

Solids and Structures, 21, 10, 1985.

Translated by H.T.

PMM U.S.S.R.,V0l1,52,No.5,pp.659~- 664,1988 0021~8928/88 $10.00+0.00
Printed in Great Britain © 1990 Pergamon Press plc

ANTIPLANE DYNAMICAL CONTACT PROBLEM FOR AN ELECTROELASTIC LAYER™

O.D. PRYAKHINA and O.M. TUKODOVA

The antiplane dynamic contact problem of the excitation of a semibounded
electroelastic layer with a lower boundary sharply constricted by a single
electrode as the simplest transformer of electroelastic waves is con-
sidered. The electrode is modelled by an absolutely rigid polar stamp.

In the region of contact between the electrode and the medium, the electric
potential and the amplitudes of the shear displacements are given, and
outside this region the surface is free from stress and normal component
of the magnetic induction is equal to zero.

One of the approaches to studying the propagation laws for electro-
elastic shear waves in a medium and on a surface, where this approach is
based on the use of the method of fictitious absorption is proposed. &
comparative analysis of the behaviour of the basic characteristics of the
problem for the coupled and uncoupled problems is given, and the behaviour
of the amplitude-frequency dependence on the electrode width and the
oscillation frequency is studied.

1. Let the medium occupy the region —oo {1z, 2 0, 0s{y<Ch As an electroelastic

material, we consider an XY-cut of piezoelectric crystals of the 6mm hexagonal crystal sym-
metry class and a piezoelectric ceramic polarized along the z-axis. This case corresponds to
the excitation of a shear surface waves w, (z, y)e-iot,

The propagation of electroelastic shear waves in the quasistatic approximation for the
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